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zzFind a deterministic coordinate Find a deterministic coordinate 
function function φφ ((x,yx,y)) that best correlates that best correlates 
with all the elements of a set of with all the elements of a set of 
randomly fluctuating wind pressure randomly fluctuating wind pressure 
fieldsfields pp ((x,y,tx,y,t))..
zzφφ (x,y) (x,y) is derived to maximize the is derived to maximize the 

projection from the wind pressure projection from the wind pressure 
fieldfield pp ((x,y,tx,y,t)) to the deterministic to the deterministic 
coordinate function coordinate function φφ ((x,yx,y))..

PODPOD

Maximization of ProjectionMaximization of Projection

Realize from the probabilistic Realize from the probabilistic 
standpoint:standpoint:
∬∬pp((x,y,tx,y,t))φφ ((x,yx,y)) dxdydxdy = max= max

By normalizing:By normalizing:
∬∬pp((x,y,tx,y,t))φφ ((x,yx,y)) dxdydxdy

———————————————————— = max= max
{{∬∬φφ ((x,yx,y))22 dxdydxdy } } 1/21/2
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Maximization of ProjectionMaximization of Projection
pp((x,y,tx,y,t)) can take positive or negative valuescan take positive or negative values
→→ Maximization is made by a mean square  Maximization is made by a mean square  

methodmethod

∬∬pp((x,y,tx,y,t))φφ ((x,yx,y)) dxdydxdy∬∬pp((x',y',tx',y',t))φφ ((x',y'x',y')) dx'dydx'dy''——————————————————————————＝＝ maxmax
∬∬φφ ((x,yx,y))22 dxdydxdy

→→ EigenvalueEigenvalue ProblemProblem

∬∬ RRpp ((x,y,x',y'x,y,x',y') ) φφ ((x',y'x',y')) dx'dydx'dy'' ＝＝ λλ φφ ((x,yx,y))

RRpp ((x,y,x',y'x,y,x',y')) ：：Spatial Correlation of Spatial Correlation of pp((x,y,tx,y,t))

Uniformly Distributed Uniformly Distributed dxdx××dydy

zzMatrix FormMatrix Form
[[RRpp]{]{φφ}}＝＝ λλ{{φφ }}
[[RRpp] : ] : Spatial Correlation MatrixSpatial Correlation Matrix

（（MM××MM Square MatrixSquare Matrix））
{{φφ }} : : EigenvectorEigenvector of Spatial   of Spatial   

Correlation Matrix [Correlation Matrix [RRpp]]
λλ : : EigenvalueEigenvalue of Spatial of Spatial 

Correlation Matrix [Correlation Matrix [RRpp]]
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Fluctuating Pressure Field Fluctuating Pressure Field pp((x,y,tx,y,t))

MM
pp((x,y,tx,y,t)) = = ΣΣ aamm((tt))φφmm((x,yx,y))mm = 1= 1

∬∬pp((xx,,yy,t,t))φφmm((xx,y,y))dxdydxdy
aamm((tt)) = = ――――――――――――――――――

∬∬φφmm((x,yx,y))22dxdydxdy
:  :  mm--thth Principal CoordinatePrincipal Coordinate

φφmm((x,yx,y)) :  :  mm--thth EigenvectorEigenvector
((EigenEigen Mode)Mode)

Correlation Between Correlation Between 
Principal CoordinatesPrincipal Coordinates

No correlation between different modes :No correlation between different modes :

aamm((tt)) aann((tt)) =  0 =  0 （（mm≠≠nn））

Mean square of the Mean square of the mm--thth principal principal 
coordinate :coordinate :

aamm((tt))22 = = λλmm = = EigenvalueEigenvalue
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Mean Square of Wind PressureMean Square of Wind Pressure
MeanMean--square of wind pressure at square of wind pressure at 
point(point(xx,,yy)) MM

pp((x,y,tx,y,t)) 2    2    == ΣΣ λλmmφφmm((x,yx,y)) 2 2 
mm = 1= 1

FieldField--total sum of meantotal sum of mean--square wind square wind 
pressurespressures MM
∬∬ pp((x,y,tx,y,t)) 22 dxdydxdy =   =   ΣΣ λλmmm = m = 1 1 

MM
=   =   ΣΣ aamm((tt)) 22

m = m = 11

Reconstruction in Lower ModesReconstruction in Lower Modes

NN
^̂pp((x,y,tx,y,t)) ≈≈ ΣΣ aamm((tt))φ φ mm((x,yx,y))

mm = 1= 1

（（N N ≤≤ MM））



6

Fluctuating Pressure FieldFluctuating Pressure Field
(Fluctuating Component Only)(Fluctuating Component Only)

tt11 tt55tt44tt33tt22

tt

tt

tt
pp11((tt))

pp33((tt))

pp22((tt))

pp11((tt))

pp33((tt))

pp22((tt))tt11

tt22

tt33

tt44

tt55

State Locus ofState Locus of
Fluctuating Pressure FieldFluctuating Pressure Field
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State Locus on Same PlaneState Locus on Same Plane

tt11

tt55

tt44
tt33

tt22

aa11(( tt ))

ηη (( tt ))

ξξ (( tt ))

State Locus on Same LineState Locus on Same Line

tt11

tt55

tt44

tt33tt22

aa11((tt))
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Projection of State Locus Projection of State Locus 
onto Principal Coordinateonto Principal Coordinate

aa1111

aa1515

aa1414

aa1313

aa1212

aa2121

aa2525

aa2424

aa2323aa2222

aa22((tt))

tt11

tt55

tt44

tt33

tt22

aa11((tt))

zzMaximization of varianceMaximization of variance
  MM

  σσa1a1
22 =  =  ―― ΣΣaa1j1j

22
  MM jj =1=1
zz not maximization of mean squarenot maximization of mean square
  →→ analyze analyze ““fluctuating componentfluctuating component”” only   only   
  (zero mean)(zero mean)

11

Maximization of ProjectionMaximization of Projection
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Principal CoordinatesPrincipal Coordinates
aa11((tt))，，aa22((tt))，，aa33((tt))

zzLinear combination of original Linear combination of original 
(physical) coordinates(physical) coordinates pp11((tt))，，pp22((tt))，，pp33((tt))
aa11((tt)) = =  φ φ11 11 pp11((tt)) + + φφ12 12 pp22((tt)) + + φφ13 13 pp33((tt))
aa22((tt)) =  =  φφ21 21 pp11((tt)) + + φφ22 22 pp22((tt)) + + φφ23 23 pp33((tt))
aa33((tt)) =  =  φφ31 31 pp11((tt)) + + φφ32 32 pp22((tt)) + + φφ33 33 pp33((tt))

{{aa}} = [= [φφ ]]{{pp}}

Coordinate Transformation Coordinate Transformation 
MatrixMatrix [[φφ ]]

[[φφ ] ] == [[φφijij]]
mm--thth row vectorrow vector

{{φφmm} = {} = {φφm1 m1 , , φφm2 m2 , , φφm3m3}}TT

→ mm--thth EigenvectorEigenvector
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Maximization of Variance of Maximization of Variance of 
the 1st Mode Principal Coordinate the 1st Mode Principal Coordinate aa11((tt))

��AssumptionAssumption
-- No correlationNo correlation between principal between principal 

coordinates coordinates aa11((tt))，，aa22((tt))，，aa33((tt))

-- Unit normUnit norm of eigenvectorof eigenvector
  φφm1m1

22 ++φφm2m2
2 2 ++φφm3m3

2 2 = = 11

Variance of 1st Principal Coordinate Variance of 1st Principal Coordinate aa11((tt))

=  =  φφ11 11 
22σσ11

22 + + φφ1212
22σσ22

22 ++φφ1313
22 σσ33

22

+ 2+ 2φφ1111φφ1212σσ1212+ 2+ 2φφ1111φφ1313σσ13 13 

+ 2+ 2φφ1212φφ1313σσ2323

σσa1a1
22 : : Variance of the 1st principal  Variance of the 1st principal  

coordinate coordinate aa11((tt))
σσmm

22 : : Variance of fluctuating pressure Variance of fluctuating pressure ppmm((tt))
σσmnmn : : Covariance ofCovariance of ppmm((tt)) andand ppnn((tt))

  ⎯⎯⎯⎯⎯⎯
  σσa1a1

22 =  {=  {aa11((tt))}}22

  ⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯
  =  =  {{φφ11 11 pp11((tt)) + + φφ12 12 pp22((tt)) + + φφ13 13 pp33((tt))}}22
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LagrangeLagrange’’s Method of Indeterminate s Method of Indeterminate 
Coefficients Coefficients 

Maximizing variance Maximizing variance σσa1a1
22 of of aa11((tt)) is is 

equivalent to maximizing the equivalent to maximizing the 
following valuefollowing value LL::

LL = = σσa1a1
22 ++λλ ((φφ1111

22 + + φφ1212
22 + + φφ1313

2 2 –– 1)1)

λλ : constant: constant

(    (    φφ1111
22 + + φφ1212

22 + + φφ1313
2 2 = 1= 1））∴∴

Differential Coefficient of Differential Coefficient of L L byby φφ1m1m

((σσ11
22––λλ) ) φφ11 11 ++σσ12 12 φφ12 12 ++σσ13 13 φφ13  13  = 0  (a)= 0  (a)

σσ21 21 φφ11 11 + + ((σσ22
22––λλ) ) φφ12 12 ++σσ23 23 φφ13 13 = 0  (b)= 0  (b)

σσ31 31 φφ11 11 ++σσ32 32 φφ12 12 + + ((σσ33
22––λλ) ) φφ1313 = 0  (c)= 0  (c)

∂∂LL⎯⎯⎯⎯ = 0= 0
∂∂φφ1m1m∂∂LL⎯⎯⎯⎯

∂∂φφ1111

∂∂LL⎯⎯⎯⎯
∂∂φφ1212

∂∂LL⎯⎯⎯⎯
∂∂φφ1313
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Condition for NonCondition for Non--trivial Solutiontrivial Solution

Determinant of Coefficients = 0Determinant of Coefficients = 0

((σσ11
22––λλ)    )    σσ12             12             σσ1313

σσ21    21    ((σσ22
22––λλ)     )     σσ23           23           = = 00

σσ31              31              σσ3232 ((σσ33
22––λλ)            )            (d)(d)

→→ EigenvalueEigenvalue Problem of MatrixProblem of Matrix [[RRpp] ] 

Covariance MatrixCovariance Matrix

[[RRpp]  ]  = = 

σσii
22 : Variance: Variance

σσijij == σσjiji : Covariance: Covariance

σσ33
22σσ3232σσ3131

σσ2323σσ22
22σσ2121

σσ1313σσ1212σσ11
22
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Equation (d) has three roots:Equation (d) has three roots:

λλ = = λλ1 1 ,  ,  λλ2 2 ,  ,  λλ33

((λλ11 ≥≥ λλ22 ≥≥ λλ3 3 ))

φφ11 11 
22σσ11

22 ++φφ1212
22σσ22

22 ++φφ1313
22 σσ33

22

+2+2φφ1111φφ1212σσ1212+2+2φφ1111φφ1313σσ1313+2+2φφ1212φφ1313σσ2323

–– λλ ((φφ1111
22 + + φφ1212

22 + + φφ1313
2 2 )   = 0)   = 0

σσa1a1
22

11

==

Eq.(a)Eq.(a)××φφ11 11 ++Eq.(b)Eq.(b)××φφ1212++Eq.(c)Eq.(c)××φφ1313

→→ σσa1a1
2        2        == λλ →→ Max.Max. λλ11

Variance of PrincipalVariance of Principal EigenvalueEigenvalueCoordinateCoordinate ==
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Orthogonality of Eigenvectors of MatrixOrthogonality of Eigenvectors of Matrix

{{φφmm}}TT{{φφnn} = } = ΣΣ φφmjmjφφnjnj
= = φφm1m1φφn1 n1 + + φφm2m2φφn2 n2 + + φφm3m3φφn3n3
= = δδmnmn

δδmnmn : : KroneckerKronecker’’ss DeltaDelta
1  , 1  , mm = = nn= {= {
0  , 0  , m m ≠≠ nn

zzReconstruction by principal Reconstruction by principal 
coordinatescoordinates aa11((tt)), a, a22((tt), ), aa33((tt)) and and 
eigenvectorseigenvectors
pp11((tt)) = =  φ φ11 11 aa11((tt)) + + φφ21 21 aa22((tt)) + + φφ31 31 aa33((tt))
pp22((tt)) =  =  φφ12 12 aa11((tt)) + + φφ22 22 aa22((tt)) + + φφ32 32 aa33((tt))
pp33((tt)) =  =  φφ13 13 aa11((tt)) + + φφ23 23 aa22((tt)) + + φφ33 33 aa33((tt))

{{pp} } = [= [φφ ]]TT{{aa}}

Reconstruction of Pressure FieldReconstruction of Pressure Field
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Proportion of Proportion of mm--thth ModeMode
Proportion of Proportion of mm--thth Principal CoordinatePrincipal Coordinate

Variance of Variance of mm--thth Principal CoordinatePrincipal Coordinateccmm＝＝——————————————————————————
Variance of Original Pressure FieldVariance of Original Pressure Field

＝＝——————————————σσ11
2  2  ++ σσ22

2 2 ++ σσ33
22

＝＝——————————————σσa1a1
22 ++ σσa2a2

22 ++ σσa3a3
22

＝＝——————————————
λλ11 ++ λλ22 ++ λλ33

σσamam
22

λλmm

σσamam
22

Proportion and Proportion and 
Cumulative ProportionCumulative Proportion

Proportion of Proportion of mm--thth Principal CoordinatePrincipal Coordinate
λλmmccmm ＝＝ ——————MM

ΣΣλλmmmm = 1= 1
Cumulative Proportion up to Cumulative Proportion up to NN--thth ModeMode

NN

CCNN ＝＝ ΣΣ ccmmmm = 1= 1
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Fluctuating Pressure FieldFluctuating Pressure Field

tt11 tt55tt44tt33tt22
tt

tt

tt

PP11((tt))

PP33((tt))

PP22((tt))

LowLow--rise Building Modelrise Building Model
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Randomly Fluctuating PressuresRandomly Fluctuating Pressures

Mean and Standard Deviation of Mean and Standard Deviation of 
Fluctuating PressuresFluctuating Pressures

Wind Pressures on Surfaces of a LowWind Pressures on Surfaces of a Low--rise Building Modelrise Building Model

Mean Pressure Mean Pressure CCpmeanpmean Standard Deviation Standard Deviation CCpp’’
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Eigenvectors Eigenvectors 
of the Lowest Three Modesof the Lowest Three Modes

1st Mode             2nd Mode             3rd Mode1st Mode             2nd Mode             3rd Mode

EigenvaluesEigenvalues, Proportions , Proportions 
and Cumulative Proportionsand Cumulative Proportions

Wind Pressures on Surfaces of a LowWind Pressures on Surfaces of a Low--rise Building Modelrise Building Model
Mode                   Mode                   EigenvalueEigenvalue Proportion (%)      CumulativeProportion (%)      Cumulative

Proportion (%)Proportion (%)

11st                                                st                                                1411                   40.20                     40.201411                   40.20                     40.20
22nd                                            nd                                            295                     8.40                  295                     8.40                  48.6048.60
33rdrd 224                     6.39                     54.99224                     6.39                     54.99
44thth 175                     4.98                 175                     4.98                 59.9759.97
55thth 128                     3.66                   128                     3.66                   63.6363.63
66thth 102                     2.91                   102                     2.91                   66.5466.54
77thth 80                     2.29                  80                     2.29                  68.8368.83
88thth 75                     2.12                  75                     2.12                  70.9570.95
99thth 61                     1.74                   61                     1.74                   72.6972.69
1010thth 53                     1.5153                     1.51 74.2074.20
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(a) Mean pressure                    (b) Fluctuating pressure (a) Mean pressure                    (b) Fluctuating pressure 
coefficientcoefficient CCpp coefficient coefficient CCpp’’

Pressure distributions on a lowPressure distributions on a low--rise building rise building 
modelmodel ((θθ = 45= 45°°,, DD :: BB :: HH = 4 : 4 : 1)= 4 : 4 : 1)

-- 0.50.5

-- 0.50.5

-- 0.50.5

-- 0.50.5

-- 0.60.6 -- 0.60.6

-- 0.60.6
-- 0.60.6

-- 0.60.6

-- 0.60.6

-- 0.40.4

-- 0.40.4 -- 0.40.4

-- 0.70.7

-- 0.70.7
-- 0.80.8

-- 0.80.8

-- 0.30.3

-- 0.30.3

-- 0.10.1

-- 0.10.1

-- 0.90.9

-- 0.90.9

-- 1.01.0

-- 1.01.0

-- 1.41.4

-- 1.41.4

0.10.1

0.10.1 0.20.2

0.20.2

0.40.4

0.40.4

0.10.1 0.10.1

0.10.1

0.10.1 0.10.1

0.10.1

0.20.2

0.20.2

0.20.2

0.20.2

0.30.3 0.30.3

0.30.3
0.40.4

0.50.5

0.50.50.90.9

-- 0.40.4

1st Mode             2nd Mode            3rd Mode1st Mode             2nd Mode            3rd Mode

Lowest Three  EigenvectorsLowest Three  Eigenvectors
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HighHigh--rise Building Modelrise Building Model

Pressure Measurement Model and Pressure Measurement Model and 
Analytical Lumped Mass ModelAnalytical Lumped Mass Model

�� Length Scale = 1/400Length Scale = 1/400

�� Mean Wind Speed ProfileMean Wind Speed Profile
αα = 1/6= 1/6

�� 500 Pressure Taps500 Pressure Taps

�� ∆∆ tt = 0.00128 sec= 0.00128 sec

�� TT = 42 sec (32,768 samples)= 42 sec (32,768 samples)
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Mean and Standard Deviation of Mean and Standard Deviation of 
Fluctuating PressuresFluctuating Pressures

Wind Pressures on Surfaces of a HighWind Pressures on Surfaces of a High--rise Building Modelrise Building Model

Mean Pressure          Standard DeviationMean Pressure          Standard Deviation

Eigenvectors Eigenvectors 
of Lowest Two Modesof Lowest Two Modes

1st Mode                      2nd Mode1st Mode                      2nd Mode

Fluctuating pressures acting on a highFluctuating pressures acting on a high--rise building modelrise building model
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EigenEigen Vectors Vectors 
of 3rd, 4th and 5th Modesof 3rd, 4th and 5th Modes

3rd Mode             4th Mode            5th Mode3rd Mode             4th Mode            5th Mode

Fluctuating pressures acting on a highFluctuating pressures acting on a high--rise building modelrise building model

4th Mode4th Mode

AlongAlong--wind force coefficients at 0.2wind force coefficients at 0.2HH and 0.8and 0.8HH by 4th by 4th 
mode (Suburban flow, mode (Suburban flow, αα=1/6)=1/6)
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5th Mode5th Mode

AlongAlong--wind force coefficients at 0.2wind force coefficients at 0.2HH and 0.8and 0.8HH by 5th by 5th 
mode (Suburban flow, mode (Suburban flow, αα=1/6)=1/6)

EigenvaluesEigenvalues, Proportions , Proportions 
and Cumulative Proportionsand Cumulative Proportions

Wind Pressures on Surfaces of a HighWind Pressures on Surfaces of a High--rise Building Modelrise Building Model
Mode                     Mode                     EigenvalueEigenvalue Proportion (%)      CumulativeProportion (%)      Cumulative

Proportion (%)Proportion (%)

11st                                                st                                                132.00                   26.30                      26.30132.00                   26.30                      26.30
22nd                                            nd                                            83.70                   16.70                      43.0083.70                   16.70                      43.00
33rdrd 32.60                     6.51                      49.5132.60                     6.51                      49.51
44thth 25.80                     5.16                    25.80                     5.16                    54.6754.67
55thth 25.20                     5.04                    25.20                     5.04                    59.7159.71
-- -- -- --

1010thth 7.19                     1.44                   7.19                     1.44                   71.4371.43
--

5050thth 0.74                     0.15                   0.74                     0.15                   89.2489.24
-- -- -- --

100100thth 0.26                     0.05                   0.26                     0.05                   93.4793.47
-- -- -- --

300300thth 0.06                     0.01                    0.06                     0.01                    98.5098.50
-- -- -- --

500500thth 0.01                     0.00  0.01                     0.00  100.00100.00
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Power Spectral Densities of Wind Power Spectral Densities of Wind 
ForcesForces

Generalized Wind Forces            Generalized Wind Forces            Lowest Five Lowest Five 
Principal Coordinates Principal Coordinates 

Fluctuating Wind Force Coefficients Fluctuating Wind Force Coefficients 
by Each Mode by Each Mode ((αα = 1/6= 1/6))

rmsrms CCFxFx rmsrms CCFyFy

AlongAlong--wind Force            Acrosswind Force            Across--wind Forcewind Force
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Fluctuating Wind Force Coefficients Fluctuating Wind Force Coefficients 
by Each Mode by Each Mode ((αα = 1/6= 1/6))

rmsrms CCMzMz rmsrms CCMzMz

Torsional MomentTorsional Moment

RMS Force Coefficients Reconstructed RMS Force Coefficients Reconstructed 
by Selected Dominant Modes (by Selected Dominant Modes (αα = 1/6= 1/6))

1,5,10,11,13,14,16,18,
21 and 31st Modes
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Power Spectra of Generalized Wind Forces Power Spectra of Generalized Wind Forces 
Reconstructed by Selected Dominant Modes (Reconstructed by Selected Dominant Modes (αα = 1/6= 1/6))

Generalized Wind Forces Reconstructed Generalized Wind Forces Reconstructed 
from Selected Dominant Modesfrom Selected Dominant Modes

AlongAlong--wind wind 
ForceForce

AcrossAcross--wind wind 
ForceForce

Torsional Torsional 
MomentMoment
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Response Analysis in Time DomainResponse Analysis in Time Domain

�� 25 Lumped masses 25 Lumped masses ××3DOF 3DOF 
�� Fundamental natural  Fundamental natural  

periods : periods : TT1X1X = = TT1Y 1Y = 5s= 5s
TT11θθ = 1.3s= 1.3s

�� Damping ratios :  Damping ratios :  2%2% to the to the 
criticalcritical

�� Wind forces: Wind forces: 
-- based on based on original pressuresoriginal pressures
-- based on based on reconstructed reconstructed 
pressures by selected pressures by selected 
dominant modes dominant modes 
AlongAlong--wind wind : 2: 2ndnd, 3, 3rdrd & 4& 4thth

AcrossAcross--windwind : 1: 1stst & 5& 5th th 

TorsionalTorsional : 1: 1stst, 5, 5thth ....31....31st st 

(10 modes)(10 modes)

�� Coupled oscillation of alongCoupled oscillation of along--
wind, acrosswind, across--wind and wind and 
torsional componentstorsional components

�� NewmarkNewmark ββ method : method : ββ = 1= 1//44
�� Time interval :     Time interval :     ∆∆t t = 0.271s= 0.271s
�� Calculation length :  Calculation length :  TT = 600s= 600s
�� Tip mean wind speed : Tip mean wind speed : 

((HH=200m)            =200m)            VVHH = 55m/s= 55m/s
(100y(100y--recurrence in Tokyo)recurrence in Tokyo)

��Analytical Model and ForcesAnalytical Model and Forces��Analytical ConditionAnalytical Condition

Responses due to Wind Forces Reconstructed Responses due to Wind Forces Reconstructed 
from Selected Dominant Modesfrom Selected Dominant Modes

AlongAlong--wind wind 
DisplacementDisplacement

AcrossAcross--wind wind 
DisplacementDisplacement

Torsional Torsional 
AngleAngle
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Responses due to Wind Forces Reconstructed Responses due to Wind Forces Reconstructed 
from Selected Dominant Modesfrom Selected Dominant Modes

Displacement                        Shear ForceDisplacement                        Shear Force

Responses due to Wind Forces Reconstructed Responses due to Wind Forces Reconstructed 
from Selected Dominant Modesfrom Selected Dominant Modes

Wind Forces                  Response at Top (Wind Forces                  Response at Top (HH=200m)=200m)
AlongAlong--wind wind AcrossAcross--wind wind AngularAngular

DisplacementDisplacement Displacement Displacement DisplacementDisplacement
(cm)(cm) (cm)(cm) (cm)(cm)

Max      S.D.Max      S.D. Max     S.D.Max     S.D. Max     S.D.Max     S.D.

Original    Original    21.3      6.6721.3      6.67 56.6     16.856.6     16.8 0.0107   0.00250.0107   0.0025

Reconstructed           Reconstructed           22.5      6.4622.5      6.46 53.7     15.953.7     15.9 0.0112   0.00260.0112   0.0026
from Selected from Selected 
Dominant Modes   Dominant Modes   (2(2ndnd, 3, 3rdrd and 4and 4thth)) (1(1st st and 5and 5thth)) (10 selected*)(10 selected*)

Error (%)                       5.6        3.1          5.1     Error (%)                       5.6        3.1          5.1     5.7          4.8         3.45.7          4.8         3.4

* 1* 1stst, 5, 5thth, 10, 10thth, 11, 11thth, 13, 13thth, 14, 14thth, 16, 16thth, 18, 18thth, 21, 21stst and 31and 31stst Modes Modes 
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Coordinate Transformation Coordinate Transformation 
Matrix [Matrix [AA]]

  Matrix [Matrix [AA] as an operator for ] as an operator for 
transforming the coordinatetransforming the coordinate

  {{bb}} = [= [AA] ] {{aa}}
¾¾Vector {Vector {aa}} is transformed to anotheris transformed to another

Vector {Vector {bb}} of a different magnitude of a different magnitude 
and a different direction byand a different direction by
operation ofoperation of Matrix [Matrix [AA]] ..

EigenvalueEigenvalue and Eigenvectorand Eigenvector

ex.  ex.  2  12  1
1  41  4

EigenvaluesEigenvalues :  :  λλ =  =  4.41,        1.594.41,        1.59
Eigenvectors:    {1, 2.41}Eigenvectors:    {1, 2.41}TT, {1, , {1, −−0.41}0.41}TT

[ ]
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Coordinate Transformation MatrixCoordinate Transformation Matrix
and and EigenvalueEigenvalue / Eigenvector/ Eigenvector

{{bb}} = = [   ][   ] {{aa}}2 1
1 4

{{bb}}
{{aa}}

11s
tst
Ei

ge
nv

ec
to

r

Ei
ge

nv
ec

to
r

22 ndnd Eigenvector

Eigenvector

{{bb}} = = [   ][   ] {{aa}}
= = λλ {{aa}}

2 1
1 4 {{bb}}

λλ 11

λλ22

{{aa}}11
Magnification Factor Magnification Factor 

= = EigenvalueEigenvalue

a a : Unit Vector: Unit Vector
⏐⏐aa⏐⏐= 1= 1

λλ11 = = 4.41 4.41 
λλ22 == 1.591.59

Coordinate Transformation MatrixCoordinate Transformation Matrix
and and EigenvalueEigenvalue / Eigenvector/ Eigenvector
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{{bb}} = = [   ][   ] {{aa}}2 1
1 4

{{bb}}

{{aa}} 11s
tst
Ei

ge
nv
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22 ndnd Eigenvector

Eigenvector

Coordinate Transformation MatrixCoordinate Transformation Matrix
and and EigenvalueEigenvalue / Eigenvector/ Eigenvector

{{bb}} = = [   ][   ] {{aa}}2 1
1 4

{{bb}}
{{aa}}

11s
tst
Ei
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Ei
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r

22 ndnd Eigenvector

Eigenvector

λλ22
11

Coordinate Transformation MatrixCoordinate Transformation Matrix
and and EigenvalueEigenvalue / Eigenvector/ Eigenvector
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POD of Random Field POD of Random Field 
with a Singular Condition with a Singular Condition 

ex.  aex.  a 00
0  0  aa

EigenvaluesEigenvalues :  :  λλ = a = a (multiple root)(multiple root)
Eigenvectors:    Eigenvectors:    Indeterminate !Indeterminate !

[ ]
Uncorrelated with Uncorrelated with 
the same variances!the same variances!

= = [[RRpp]]

Example of EigenvectorsExample of Eigenvectors

1st Mode1st Mode 2nd Mode2nd Mode

Sample ASample A

cc11 = 29.2%= 29.2% cc22 = 25.4%= 25.4%
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Example of EigenvectorsExample of Eigenvectors
Sample BSample B

1st Mode1st Mode 2nd Mode2nd Mode

cc11 = 30.6%= 30.6% cc22 = 24.7%= 24.7%

State Locus by State Locus by aa11((tt) and ) and aa22((tt))

Sample ASample A Sample BSample B
1st  Principal Coordinate 1st  Principal Coordinate

2n
d 

 P
ri

nc
ip

al
 C

oo
rd

in
at

e
2n

d 
 P

ri
nc

ip
al

 C
oo

rd
in

at
e

2n
d 

 P
ri

nc
ip

al
 C

oo
rd

in
at

e
2n

d 
 P

ri
nc

ip
al

 C
oo

rd
in

at
e



34

EigenvaluesEigenvalues and Proportions and Proportions 
with/without Inclusion of Mean Value with/without Inclusion of Mean Value 

Without Mean ValueWithout Mean Value With Mean ValueWith Mean Value
ModeMode EigenvalueEigenvalue Proportion (%)Proportion (%) EigenvalueEigenvalue Proportion (%)Proportion (%)

11st                            st                            4.11                80.1 4.11                80.1 103.11               98.1103.11               98.1
22nd                         nd                         1.02                19.9  1.02                19.9  2.03                 1.92.03                 1.9

-4

-2

0
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6

8

10

12

-2 0 2 4 6 8 10 12 14
pp11((tt))

pp22((tt))
aa11((tt))

((pp11m m , , pp22mm))

aa22((tt)) aa11mm((tt))

aa22mm((tt))

Merits of PODMerits of POD

zz Observe phenomena by most efficient   Observe phenomena by most efficient   
coordinatescoordinates

zz Extract hidden systematicExtract hidden systematic structuresstructures
from random informationfrom random information

zz A significant reduction in amount ofA significant reduction in amount of
information that needs to be storedinformation that needs to be stored


